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HZHJLqMq]AIHO¨OSV7A@OﬂVMUZKMa4R~HA ]LA@a_@AIH
u, v ∈ T ∗
Pre(uv) = Pre(u)⊕ (Pre(v) 	 Post(u))
KMa^HR#?B?BAPOJUS|_@Kn}}R
Post(uv) = (Post(u)	 Pre(v)) ⊕ Post(v)
ªVMUOJ<AHA¦^A@{a|OJ|}VMaHOSV
?7Kn]AEHJA@a\HA<V.¨AIjMAIUI4|OUSA@?7Kn|}aHOJVBH<V.OJ<KnO¨OS<A@R~^V
aVnO^A@[A@a^
L[\V]aOJ<ABHJ[\A_P|{\_d_`<V4HAIa^AI_@VM?B[V]HJ|OS|V]a
w = uv 	
VnOS<A@US|}HJAdHOSKnOJAI^\OS<A0[UJV^L\_ﬀOE^AP{aA^VMa
A× A
k#R
(x, y) ⊗ (x′, y′) = (x ⊕ (x′ 	 y), (y 	 x′)⊕ y′)
HJ<V]L}^~kAKMHSHV_P|K.OS|j]AM
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 A )ﬃ	    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#
 $    

⊗
 A      
#
  $ & A    &
(b⊕ c)	 a = (b	 (a	 c))⊕ (c	 a)
  ﬂ  
#
   $ & %     %
     *(
a⊕ b = a⊕ c ⇒ b = c
 
#
  $ 8 ,     &
(a⊕ b)	 b = a
    
;=<AUSA@?7KM|a|}aq[KMUO7VnEOJ<|}HHJAI_POJ|}VMa |H7^A@j]VnOJA^,OSVOJ<A[UJV#Vn¦VnOJ<|H7USAIHJLOI«§H7Kn}UJAKM^R
aVnOJ|_PA^OJ<A0^|}j#|k|}|O*RVMOJ<A0?BVMaV]|}^¡ﬂ|  A]
a v b ⇔ ∃c · b = a ⊕ c
£AIa4OSKn|}HZOS<AdﬂV]}V.|}aq
D
D ÈFEGHGG
p  
	  	ﬀﬁ	   ﬂ	
|^AIa]OS|OS|AH
(div1) : a⊕ b w a
(div2) : 0 v a
(div3) : a⊕ b = 0 ⇒ a = b = 0
OS<AZHJAI_PV]a^0Vn<|_`<BHOSKnOJAHOJ<KnOOJ<AQaA@LOSUSKMA@}A@?BA@a4OﬂV]U
⊕
|HOS<AZ}AIKMHOA@}A@?BA@a4Ou;=<|H[USVM[A@UJO*R
|}ag_@VMa.W*La\_ﬀOJ|}VMa|OS<g_PV]a^|OJ|}VMa¡ l Y4£Z<KMHQOJ<A
ﬂVM}}V.|aq|a4OJAIUJAH*OS|aq_PV]aHA 4LA@a_@AIHKMH|O!_@KMak\A
USAIK]^|}R7j]A@US|{A^ﬀ(
(int1) : a v b ⇔ a	 b = 0
(int2) : a	 0 = a
(int3) : 0	 a = 0
(int4) : a	 a = 0
(int5) : a	 b v a
;=<AEA 4L|j.KMAIa_PA¦kAPO*A@A@aOS<A_@KMa_PAIKnk|}}|O*RVMŁOS<A!?BVMaV]|}^Kna^OJ<A!|}^AIa4OJ|O*R
¡ l©eM£
(a⊕ b)	 b = a
|H7A@}®#aV.a6ﬂVMUUSAIHJ|^LK.OSAI^6}KnOOS|}_@AIHKMa^:|O~<VM^HKM}HJVOJUS|j#|Kn}R6|aV]LU_IKMHJA (V]a:V]aAHJ|}^A
((a⊕ b)	 b) ⊕ b = (a⊕ b) t b = a⊕ b
H<V.ZH=OJ<KnOQOS<Ad|^A@a4OS|O*R
(a⊕ b)	 b = a
ﬂVM}V.ZHﬂUJV]?
_IKna_@A@}}KMk|}|O*RMu_PVMa#j]A@U`HAIR|OJ<|}Hd|}^AIa4OJ|O*R<V]}^H¦OJ<AIa
a ⊕ b = a ⊕ c ⇒ b = (a⊕ b) 	 a =
(a⊕ c)	 a = a
;=<AEﬂVM}V.|}aq
[UJV][\V4H|OJ|}VMa~AIHOSKMk|HJ<AIH¨OJ<AEA 4L|j.KMAIa_PAEk\A@O*¨AIA@aOJ<AE{U`H*O=O*V
HOSKnOJAI?0AIa4OSH=|}a;=<A@VMUSA@?¡Ôl Y4£P
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⊗
 A 	      #   & A    &
(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
#
 $
 <    QªVMU=OS<A!VMaA¦<KMa^~¨A_@VM?B[LOSA
(x, y)⊗ [(x′, y′)⊗ (x”, y”)] =
= (x, y)⊗ [x′ ⊕ (x”	 y′), (y′ 	 x”)⊕ y”] =
= (x⊕ [(x′ ⊕ (x”	 y′))	 y], [y 	 (x′ ⊕ (x”	 y′))]⊕ (y′ 	 x”)⊕ y”)
KMa^V]a~OS<A¦VnOS<A@U<KMa^
[(x, y)⊗ (x′, y′)]⊗ (x”, y”) =
= [x⊕ (x′ 	 y), (y 	 x′)⊕ y′]⊗ (x”, y”) =
= (x⊕ (x′ 	 y)⊕ [x”	 ((y 	 x′)⊕ y′)], [((y 	 x′)⊕ y′)	 x”]⊕ y”)
§HJHJV_P|K.OS|j#|O*R7Vn
⊗
|HA	4L|}j.Kn}A@a4O=OJV0OJ<A_@VMa.W*La_ﬀOS|V]aVM¤kVnOS<~ﬂV]}V.|}aq0|^AIa]OS|OS|AH
x⊕ [(x′ ⊕ (x”	 y′))	 y] = x⊕ (x′ 	 y)⊕ [x”	 ((y 	 x′)⊕ y′)]
[((y 	 x′)⊕ y′)	 x”]⊕ y” = y 	 (x′ ⊕ (x”	 y′))]⊕ (y′ 	 x”)⊕ y”
<|}_`<,KMUJA7|}a¢KM_PO
A	4L|}j.Kn}A@a4O!OJVgAIKM_`<VMOJ<AIUk#R_@VM?B?dLOSK.OS|j#|O*RgVM
⊕
uKna\^OJ<AIR_IKnakAkVnOJ<
USA@US|OOJAIaK]H(
¡ l
 
£
x⊕ [(y ⊕ (z 	 t))	 u] = x⊕ (y 	 u)⊕ [z 	 ((u	 y)⊕ t)]
CR}APOJOJ|}aq
x = t = 0

u = a

y = b
A@O
z = c
8 &    ﬃ  86    #1  &    !),8  
(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
#
 $
!¨V]a#jMA@U`HJA@}RM]OJ<A!K.OJOJA@UZHJLﬃ_PAH=OJVBAH*O`Knk}|}HJ<|}^AIa4OJ|O*R¡Ôl
 
£H|}a_PA (
5&69D587
 
	   
x⊕ [(y ⊕ (z 	 t))	 u] =
= x⊕ (y 	 u)⊕ [(z 	 t)	 (u	 y)]
C¨R¡Ôl p]£
= x⊕ (y 	 u)⊕ [z 	 (t⊕ (u	 y)]
;=<AEKMHOZA	4LKM|O*R_@VM?BAIHﬂUSVM? OS<A!|^A@a4OJ|O*R
(a	 b)	 c = a	 (b⊕ c)
<|}_`<ﬂVM}}V.ZHﬂUSVM?¬OJ<A
ﬂV]}V.|}aq
A 4L|j.KMAIa_PAH
(a	 b)	 c v d ⇔ a	 b v c⊕ d ⇔ a v b⊕ c⊕ d ⇔ a	 (b⊕ c) v d

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(b⊕ c)	 a = (b	 a)⊕ (c	
(a	 b))
         )     	
#
a⊕ b = a⊕ c⇒ b = c
$
 <    ZA¦{U`H*OV]kHAIUJj]AQOS<K.O
¡ l  n£
a w b⊕ c ⇔ a w b
Kna^
a	 b w c
§_POJLKM}Rk4R ¡ﬂ|}a4OIC(£
a w b ⊕ c
|HA	4L|}j.Kn}A@a4OOSV
(b ⊕ c) 	 a = 0
uOS<K.Od|H!OSVHSK(RM¤k4R ¡Ôl p4£ﬀuOJV
(b	a)⊕ (c	 (a	 b)) = 0
FCR¡¢^|}jf]£OS<|H¨K.OJOJAIU¨_PV]a^|OJ|}VMa|H¨A	4L|}j(KMAIa4OOJVdOJ<AE_PV]a.W*La_POJ|}VMaVM
b	 a = 0
|OJ<
c	 (a	 b) = 0
4V]U=A@HA]4k#R¡¢|a4OIC(£ﬀOSVdOS<A!_PV]a.W*La_POJ|}VMaVn
a w b
|OJ<
a	 b w c

hQV. OS<A_PV]a.W*La_POJ|}VMaVn¡Ôl  n£OSVMqMA@OJ<AIU|OS<¡Ôl Y4£KM}V.ZHLH=OJV7_@VMa_@L^A¦OJ<KnO
a w b ⇒ [a = b⊕ c ⇔ c = a	 b]
<|}_`<AIHOSKMk}|}HJ<OJ<A_IKna_@A@}}KMk|}|O*RVnOJ<A!?0V]aVM|^ﬀ(

APOZLHQKMHSHL?BA
a⊕ b = a⊕ c
}APO
d
k\A!OS<|H
j.KMLA]#OJ<AIa
d w b, c
KMa^
b = d	 a = c


!KMa_PAIKnk|}}|O*RVM\OS<A?BVMaV]|}^
|HuOJ<AIaBKEaA_PAHJHSKnUSR_PV]a^|OJ|}VMa0|A=KMUJA¨OJV!AIaHJLUJAK]HJHJV_P|K.OJ|}j#|O*R
VMŁOS<A¦{US|aqBUSL}AM;=<#LH=AE}APO
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TA@OJUS|[UJA@®HOJUSL_POJLUSA|OJ<KB_@KMa_PAIKnkA¦?BVMaV]|}^~USAI^L_POI
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a u b = a	 (a	 b)
 <    ;CR

A@?B?7K ¡ l©lM£0A<K(jMAOS<K.O
a 	 (a	 b) v a, b


A@O
c v a, b
kAgHV]?BAV.A@U
kVMLa^ VM
a
Kna^
b
 CR?0V]aVnOSVMa#R VndUSAIHJ|^LK.OS|V]a VMaAg<K]H
a 	 b v a 	 c
ﬂUJV]? <|_`<«|O
ﬂV]}V.ZH¦OS<K.O
(a	 b) ⊕ c v (a	 c) ⊕ c = a t c = a
¡¢HJ|a\_PA
c v a
£ﬀ;=<A@ak4R_@KMa_PAIKnk|}|O*R
c = (c⊕ (a	 b))	 (a	 b) v a	 (a	 b)


A¦UJA_@Kn}\OJ<KnO=K0_PV]?0?
LOSKnOJ|}jMAEUJAH|^LKnOJA^7}KnOOS|}_@A0¡ÔHAIA  YCIm 9£_PV]aHJ|}HOSH¨Vn¤K0HJAPO
A
A ]L|[[AI^
|OJ<KHOJUSL_ﬀOSLUSAVn¨_@VM?B?dLOSK.OS|j]A?BVMaV]|}^
(A,⊕, 0)
VM¨KK.OJOJ|_PA0H*OSUJL_POJLUSA
(A,∨,∧)
Kna^VMK
USAIHJ|^LK.OS|V]aV][\AIUSKnOJ|}VMa
	
KM^.W*VM|}a]O=OSVBOJ<AK]^^|OJ|}VMa|aOJ<AHAIaHAEOS<K.O
a⊕ b ≤ c ⇔ a ≤ c	 a
<A@USA
≤
|}HOS<A!K.OOS|}_@A¦VMU`^A@U!¡ﬂ|  AM
a ≤ b ⇔ b = a ∨ b
£P C¨RTUJV][\V4H|OJ|}VMa\HE¡ l}C£Kna\^¡ l p]£¨OJ<A
^LKnVMKTAPOJUS|Kn}qMAIkU`K|H!K_@VM?B?dLOSK.OS|j]A
USAIHJ|^LK.OSAI^}KnOOS|}_@AMB;=<4L\HEOJ<ABﬂV]}V.|aq~|^A@a4OS|OS|AH@
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ﬂ	
<|}_`<gKMUJAZW*LH*O¦VMkOSKn|}aA^k4R^L\Kn}|I|aq #aV.a|^AIa]OS|OS|AHQVM¨_PV]?B?dLO`K.OJ|}jMAdUJAH|^LKnOJAI^K.OJOJ|_PAH@
<VM^H!¡¢KMa^?0V]UJAIV.jMAIU¨_@KMak\AHOJU`Kn|}qM<4OﬂV]UJ=KnU`^}R0_`<AI_`MA^£(
(RL1) a⊕ (b u c) = (a⊕ b) u (a⊕ c)
(RL2) (a t b)	 c = (a	 c) t (b	 c)
(RL3) a	 (b u c) = (a	 b) t (a	 c)
(RL4) (a	 b)⊕ b w a
(RL5) a	 (a	 b) v b
(RL6) a⊕ (b	 c) w (a⊕ b)	 c
(RL7) (c	 b)⊕ (b	 a) w c	 a
(RL8) c	 b w (c	 a)	 (b	 a)
(RL9) b	 a w (c	 a)	 (c	 b)
(RL10) c	 b w (c⊕ a)	 (b⊕ a)
(RL11) (c	 a)	 b = c	 (a⊕ b) = (c	 b)	 a
K]HZA@}uK]HZOS<Ad?BV]aVnOSVMa#R~[UJV][\AIUO*RKMHSHJA@UJOJ|}aqBOJ<KnO
x ⊕ y
|H|a_@UJAKMHJ|aq! U OIEk\VMOJ<gKMUJq]L?BA@a4OSH
KMa^
x	 y
|H|}a_PUSAIK]H|}aq0! U OI
x
Kna\^~^A_PUSAIK]H|}aq0! U O
y

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Hq]|j]A@ak#ROJ<A¦ﬂV]}V.|aq
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¡ l p]£
(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
OS<A[UJV#VMVnd<|_`<ﬂV]}V.ZHﬂUSVM? K:HA 4LA@a_@AgVMd|a4OSA@US?0A^|K.OJAUJAHLO`H~HOSKMUOS|aqﬂUJV]? OJ<A
ﬂV]}V.|}aq
[UJV][\AIUO*Rﬃ(
B¨°
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C] 
a w b
& 
#
 $
a = b⊕ c⇔ a	 b = c

#
  $
a w b⊕ c⇔ a	 b w c

 -
a w c
8  
#
 $
a	 b = c⇔ a	 c = a u b

#
  $
a	 b w c⇔ a	 c w a u b

 
a w b

 
a w c
& 
#
 $
a = b ⊕ c ⇔ a 	 b = c ⇔ a 	 c = b

 
#
  $
a w b⊕ c ⇔
a	 b w c⇔ a	 c w b


a	 b = (a t b)	 b


b = (a t b)	 (a	 b)


b = (a u b)⊕ (b	 a)


b	 a = b	 (a u b)
 <    C]}¡¢||9£ﬀ (
2

a w b ⊕ c
OJ<A@a
a 	 b w (c ⊕ b) 	 b = c
 !¨VMa#jMAIUSHJA@}RM}APOL\H!KMHSHL?BA0OJ<\K.O
a	 b w c
\ﬂUJV]?
a w b
|OQﬂV]}V.ZHOS<K.O
a = (a 	 b) ⊕ b
KMa^OS<4L\H
a w c ⊕ b
!CM¡ﬂ|9£=ﬂV]}V.ZH=ﬂUSVM?
C]}¡¢||9£¨OJV]qMA@OJ<AIU|OJ<OS<AKM^(W*La_ﬀOS|V]a (
a v b⊕ c⇔ a	 b v c
l}¡¢|£P (
2

a 	 b = c
OS<A@a
a 	 c = a 	 (a 	 b) = a u b
 !¨VMa#j]A@U`HAIR]A@OdLHK]HJHJL?BABOJ<KnO
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1. (b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
2. c	 (a	 b) = ((b⊕ c)	 a)	 (b	 a)
3. [(b⊕ c)	 a]	 [c	 (a	 b)] = b	 a
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b w c ⇒ a⊕ (b	 c) = (a⊕ b)	 c
c w b ⇒ (a⊕ b)	 c = a	 (c	 b)
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c w b
OS<A@a
c 	 (c 	 b) = b
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c	 (a	 b) = ((b⊕ c)	 a)	 (b	 a)
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a w b⊕ c ⇔ a w b
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a	 b w c
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Pre, Post : P × T ∗ → A
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ϕ(p, u) = (Pre(p, u), P ost(p, u))
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ϕ(p,−) : T ∗ → A×A
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ϕ(p, t) = (Pre(p, t), P ost(p, t))
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Pre(p, ε) = Post(p, ε) = 0
Pre(p, uv) = Pre(p, u)⊕ (Pre(p, v) 	 Post(u, p))
Post(p, uv) = (Post(p, u)	 Pre(p, v))⊕ Post(p, v)
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∀p ∈ P M(p) w Pre(p, u)
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M ′(p) = (M(p)	 Pre(p, u))⊕ Post(p, u)
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∀p ∈ P M ′(p) w Post(p, u)
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M(p) = (M ′(p)	 Post(p, u))⊕ Pre(p, u)
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∀p ∈ P M(p) w Pre(p, u)  M ′(p) w Post(p, u)

 
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M ′ w Post(u)
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M = (M ′ 	 Post(u))⊕ Pre(u)
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M w Pre(u) 	 M ′ w Post(u)
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a w b⊕ c ⇔ a w b
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[M ′ w (M 	 Pre(u))⊕ Post(u)] ⇔ [M ′ w Post(u)
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M ′ 	 Post(u) wM 	 Pre(u)]
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Pre(ε) = Post(ε) = 0
Pre(uv) = Pre(u)⊕ (Pre(v) 	 Post(u))
Post(uv) = (Post(u)	 Pre(v)) ⊕ Post(v)
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GenPetri ≈ Lex (R)
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Kna^}APOQL\H
_@VMaHJ|^A@UOJ<A!aAPOZVM¤O*R#[A
L2 = (Z ◦ Z)
+ = {(n,m) | (n = 0
Kna^
m ≥ 0)
VMU
(n > 0
Kna\^
m ∈ Z)}
^A@[|_ﬀOSAI^|}aªu|}q¦f}CM¦;=<|HaAPO¦<KMHEKLa|4LA0[KM_PA
P = {p}
Kna^O*VOSUSKMaHJ|OS|V]aH
T = {a; b}
|OJ<BOS<AﬂV]}V.|aq\V.6USA@K.OS|V]aH
Pre(p, a) = ω

Pre(p, b) = 1
APO
Post(p, a) = Post(p, b) = 0

ªUJV]? OJ<A|a|OS|}KM¨?7KnUS#|aq
ω
OJU`Kna\H|OJ|}VMa
a
_@KMa{USAV]a_PA
ω [a〉 0
KMa^OJU`Kna\H|OJ|}VMa
b
_@Kna,{UJAKna
|}a{a|OSA!a4L?dkA@UVnuOJ|}?BA!AKM^|}aq0OJV0OS<A!|a{a|OJA¦{US|aqBHJA	4LAIa_PA
ω [b〉ω − 1 [b〉ω − 2 . . . [b〉ω − n . . .
KMa^OJ<AIUJAKMUJABaVgVnOJ<A@U¦OJU`Kna\H|OJ|}VMaH|aOJ<A?7KnUS4|}aqqMU`Kn[<VMOS<A7aA@OIX#L[[V]HJABOJ<AIUJA7A@N|}HOSH
HJVM?BATA@OJUS|aA@O
|OJ<KMa|}HJVM?BVMUS[<|_B?7KnUS#|aqq]USKM[<X#|}a_PAOJU`KnaHJ|OS|V]a
b
_@KMa{UJA~Kna|}a{a|OJA
a#L?
k\AIUVnuOJ|}?BAMKMa^
M0 [b
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HJA@a\HAEOJ<\K.O
∀g ∈ G ∃n ∈ N · n · k w g
A!_@KMa~k#R?BV^|ﬂR#|aq0OS<A¦{US|aqBUSL}AEAIaﬂVMU`_PAEOS<K.OOS<A
j.KMLAHVMŁ[KM_@AIH=H*O`K(RB|OS<|aOJ<A¦|}a4OJA@USj.Kn
I = [0, k] = {g ∈ G | 0 v g v k}
;=<|H|a4OJAIUJj.KM\|OJ<
|}a^L\_PAI^V]US^AIU=|}HKBkVMLa\^AI^~}KnOOS|}_@A¦OJ<KnOQ_@KnakA!A	4L|}[[\A^|OS<~OS<A¦ﬂVM}}V.|aqBV][\AIUSKnOJ|}VMaH(
v v- ° vIw 98uyMxv ° µ«t	
z x y = (x+ y) u k
v v- ° vIw 98uyMxv ° µ«µ
/ ° w ° 8uy ° z x	 y = (x− y) t 0
v v- °"	 w ´ µ uynv]z x • y = ((x + y)− k) t 0
v v- ° /
 	 ,1/¢y]xv/ ´ 8¨z x→ y = ((y + k)− x) u k
v v- ° 8 ° 0\xv./ ´ 8z ¬x = (x→ 0) = k 	 y
;=<AﬂV]}V.|}aqB[UJV][\AIUOS|AH=KnUSAE?BA@O(
D
D ÈFEGHGG
lnY  
	  	ﬀﬁ	   ﬂ	
¡*C£ 2 OZ|HZK0k\V]La^A^~K.OJOJ|_PA (
0 v x v k
¡ÔlM£
(I,, 0)
|HEKnaKMk\AI|Knag?0V]aVM|^<V4HA
La|OE|H¦KnagKMkHJVMUSk|aqA@}A@?BA@a4OEﬂVMUOJ<A0[USV^L_ﬀO.(
0 • x = 0

¡¢f]£
(I, •, k)
|}HBKMa6KnkA@}|Kna,?BVMaVM|^,<V4HALa|O
k
|H0KMa6KMkHV]UJk|aqgA@}A@?BA@a4O0ﬂVMU0OJ<AHJL? (
k  x = k

¡ﬂY4£~hZAIq]KnOJ|}VMa|}HKna|}a4j]VM}LOJ|}VMa¡
¬¬x = x
£ZHL_`<OS<K.O
k = ¬0
¡¢<A@a_@A
0 = ¬k
£KMa^
x • y =
¬(¬x  ¬y)
¡ﬂ<AIa_PA
x y = ¬(¬x • ¬y)
£
¡ÔeM£
x v y ⇔ (x→ y) = k ⇔ (x	 y) = 0
¡
 
£
•
|HK
USAIHJ|^LK.OSAI^~?BVMaV]|}^ﬀ(
x • y v z ⇔ x v y → z
¡  n£

|}HKB_PVM USAIHJ|^LK.OSAI^?0V]aVM|^ﬀ(
x y w z ⇔ x w z 	 y
¡¢p]£
(y → z) = z  ¬y
KMa^
z 	 y = z • ¬y
¡  ]£
x t y = (y → x)→ x = (x→ y)→ y = x (y 	 x) = y  (x 	 y)
¡CIm]£
x u y = x • (x→ y) = y • (y → x) = x	 (x	 y) = y 	 (y 	 x)
XL_`<KHOJUSL_POJLUSAB|}H!_IKn}A^KMa¥­ZÎKn}qMA@kUSK0¥­Q®KMq]A@kU`KMH¦KMUJABqMAIaA@U`Kn}|}IK.OS|V]aHVn=k\V#VM}AIKMaKM
q]A@kU`KMHELHJAI^|}aOJ<AKMq]A@kU`Kn|_0KnaKMRHJ|}H¦VM  L.KMHJ|AI_@0|}a{a|OSAP®j(KMLAI^[USVM[V]HJ|OS|V]aKn}VMq]|}_BKna\^
OS<|H_PKMHSHBVn!Kn}qMAIkUSK]HBKM^?B|OSHHJA@j]A@U`Kn=A	4L|}j.Kn}A@a4O^AP{\a|OS|V]aH  #ZC(l®«ªV]U7|aHOSKMa_PAKMa¥­Z
KMq]A@kU`KB|HKk\V]La^A^g_PV]?B?dLO`K.OJ|}jMAdUJAH|^LKnOJAI^K.OJOJ|_PA¡
x • y v z ⇔ x v y → z
£QHL_`<OJ<KnO
x t y = (y → x)→ x
§Qa¥­ZÎKn}qMA@kUSKd|}HKM}HJV
KMaKMk\AI|Kna~?0V]aVM|^
(A, •, 1)
OSVMqMA@OJ<AIU=|OS<KMa
|}a#jMV]LOS|V]a
¬ : A→ A
HJL_`<OS<K.OZ|¤A¦A@O
x y = ¬(¬x • ¬y)

0 = ¬1
Kna\^
(x→ y) = ¬x y
OS<A@a
x • 0 = 0
KMa^
(y → x)→ x = (x→ y)→ y

?°
89/ﬂv./
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3d§ kVMLa\^AI^aA@O
|HdKHOJUSL_POJLUSA
N = (P, T, Pre, Post, M0)
<AIUJA
P
|HdK
{\a|OSAgHJAPOVM¦[}K]_PAIH|OS< Kna ¥­Q®KMq]A@kU`K
Ap
K]HJHJV_P|K.OSAI^:|OS<AIK]_`<:[}K]_PA
p ∈ P
¡9OS<ALa|O
kp
VM
Ap
|H_IKn}A^6OJ<Ag_IKn[K]_P|O*R,Vn![KM_@A
p
£P
T
|HK{a|OSAgHA@OVn¦OJU`Kna\H|OJ|}VMaH^|}H¢W*VM|}a4O7ﬂUJV]?
P
=Kna\^
Pre, Post : P × T →
⊔
p∈P Ap
OJ<AV.¬USA@K.OS|V]aHI¨KnUSAHL\_`<6OS<K.O
∀p ∈ P ∀t ∈
T Pre(p, t), P ost(p, t) ∈ Ap
§b?7KnUS#|aq0|HZKB?7Kn[
M : P →
⊔
p∈P Ap
OJ<\K.OQKMHSHJV#_@|}KnOJAH¨|OJ<
AKM_`<[KM_@A
p ∈ P
OJ<A}V_@KMŁj.Kn}LAdVMOJ<A0_PLUSUJAIa4O_PV]a{qMLUSKnOJ|}VMa
M(p) ∈ Ap
|aOS<|HQ[KM_@AM
M0
|HEHV]?0Ad{NAI^g?BKMUJ#|}aq_@KM}AI^OJ<A 8         8M;=<AdOJU`KnaHJ|OS|V]aUSA@K.OJ|}VMa
M [t〉M ′
H*O`K.OS|aq
OS<K.OOSUSKMaHJ|OS|V]a
t
_@KMa{UJA!|}a?7KnUS#|aq
M
Kna^}AIKM^H@<A@a|OQ|}H{UJA^OSV7OJ<A!aA@ ?7KnUS4|}aq
M ′
|H=qM|}jMAIa~k#Rﬃ(
¡¢Y}C£
M [t〉M ′ ⇔ ∀p ∈ P
{
Pre(p, t) vM v Post(p, t)→ Pre(p, t)
M ′ = (M 	 Pre(p, t))  Post(p, t)
;=<|}H7USA@K.OS|V]a:_IKna:k\AA@N#OJA@a\^AI^ |}a^L_POJ|}jMAIROJVHA 4LA@a_@AIH
u ∈ T ∗
VMOSUSKMaH|OJ|}VMa\HBk4R6A@OOS|aq
M [ε〉M
ﬂVMU7AIjMA@USR?7KnUS#|aq
M
Kna\^
M [t · u〉M ′
|¦Kna^6VMaR,|EOJ<AIUJAAPN|H*O`H7HV]?BA~?7KnUS#|aq
M ′′
HJL_`<OS<K.O
M [t〉M ′′
Kna^
M ′′ [u〉M ′
ﬂV]UEAIjMAIUJR
t ∈ T
Kna^
u ∈ T ∗
B;=<ABHA@O¦VM+    
    8 |}H
Reach(N ) = {M | ∃u ∈ T ∗ M0 [u〉M}
]Kna\^dOS<A     8   ﬃ 7VnKEk\V]La^A^BaAPO
N = (P, T, Pre, Post, M0)
|}HOJ<A7KnkA@}}AI^qMU`Kn[<
ΓN = (V,Λ, v0)
<V4HAHJAPOVM=j]A@UJOJ|_PAH¦|}H
q]|j]A@ak#R7OJ<A
HA@O
V = Reach(N )
VMuUSAIK]_`<Knk}AE?BKMUJ#|}aq]H|OJ<
v0 = M0
Kna^~<V4HAHJAPOVnKnU`_@H
Λ ⊆ V × T × V
|}HOS<A¦UJAH*OSUJ|_ﬀOS|V]aVn¤OJ<AEOSUSKMaH|OJ|}VMa~UJAI}KnOJ|}VMaOJV
OJ<A!HJAPOVnuUJAKM_`<KMkAQ?BKMUJ#|}aq]H(
Λ = {(M, t,M ′) |M, M ′ ∈ V ∧ M [t〉M ′}

;=<A¦kV#VM}AIKnaKn}qMAIkUSK
2 = {0, 1}
|H=Kna¥­ZÎKn}qMAIkUSKd<A@USA
x y = x t y
Kna\^
x • y = xu y 	

APO
P
kAOJ<AZHJAPO¨Vn[}K]_PAHVnK¦aA@OKna^
B = 2P = ℘(P )
OS<AQ_PV]UJUSAIHJ[VMa^|}aqE[USV#^L_ﬀOHOJUSL_ﬀOSLUSAM
5&69D587
 
	  l]e
OS<A![USAI_@AI^|}aq
{UJ|}aqBUSLA_IKnak\A!USAPﬂV]UJ?
LK.OJA^K]H(
M [a〉M ′ ⇔ M ⊇ Pre(a) ∧ M ∩ Post(a) ⊆ Pre(a) ∧ M ′ = (M \ Pre(a)) ∪ Post(a)
<|}_`<|HOS<AdLHJLKM{US|aqUJLAVMVMaA
HJKnﬂAaAPO`H@ 2 AUSA@[KM_@A¦OJ<A
k\V#V]AKnaKn}qMAIkU`K
2 = {0, 1}
k#ROJ<A
|a4OJAIUJj.KM
[0, 1]
VnOJ<A
KM^^|OJ|}jMA!q]UJV]L[VnUSAIKnŁa4L?dkA@U`H@\|Ô AM|OS<
x  y = min(1, x+ y)
KMa^
x • y = max(0, x+ y− 1)
OS<A@a~¨AVMkO`Kn|}a7OJ<A{US|aqdUSLAVn¤HJVM?BA4|}a^VnVMaAHSK.ﬂA;& ﬂLI@R &
aAPOSH (
M [a〉M ′ ⇔ ∀p ∈ P
{
Pre(a, p) vM(p) v Pre(a, p) + 1− Post(a, p)
M ′(p) = min(1,M(p) + Post(a, p)− Pre(a, p))
Y\ l 4 ´ 
 	 , ° 
 ° 8vIxw ± 	 ,Ôxy ° t 3¥La^|_P| C(l[USV.jMAI^~OS<K.O!¥­ZÎKn}qMAIkU`KMHZ_@VM|}a_P|^Ad|OJ<
[0, k]
|}a4OJAIUJj.KnHVnKMk\AI|Kna K.OOS|}_@AP®VMU`^A@USAI^ qMUSVML[H<A@USA
k
|}HKH*OSUJV]aq La|OI ¥VMUSA[USAI_P|HJA@}R |
(G = G,+, 0)
|}HKMa!KnkA@}|}KMaEK.OJOJ|_PA@ V]US^AIUJA^Qq]UJV]L[E|OS<H*OSUJV]aq=La|O
k
OJ<AIa
Γ (G, k) = (A,, 0, •, k,¬)
<A@USA
G = [0, k] = {x ∈ G | 0 v x v k}

x  y = (x + y) u k

x • y = ((x + y)− k) t 0
\KMa^
¬x = k − x
|}HKMa~¥­Q®KMq]A@kU`KdHJL_`<~OJ<KnOOS<A¦UJAH*OSUJ|_ﬀOS|V]aVMŁOJ<A!VMU`^A@UUJAI}KnOJ|}VMa~VnŁOS<A¦qMUSVML[~VMa
OS<ALa|O|}a]OSA@USj.Kn
[0, k]
_@VM|}a_P|^AH|OJ<OS<AV]US^A@UŁUSA@K.OS|V]a!VnOS<A¥­ZÎKn}qMA@kUSK (
x v y ⇔ x	y = 0
¡¢<A@USA
x 	 y = x • ¬y = (x− y) t 0
£ﬀ¥VMUSA@V.jMAIU
Γ
A@N#OJA@a\^H|}a]OSVKnaA	4L|}j.Kn}A@a_@A!k\A@O*¨AIA@aOJ<A
USAIHJ[AI_ﬀOS|j]A¨_IK.OJAIqMV]UJ|}AIH¤Vn\KMk\AI|Kna
}KnOOS|}_@AP®VMU`^A@USAI^!q]UJV]L[H¤|OS<0HOJUSVMaqLa|OKna\^d¥­Q®KMq]A@kU`KMHI(|Ô AM
Γ
|a\^L_PAH¨Kk| W*A_ﬀOS|j]AE_@VMUSUJAH[VMa^A@a_@Ak\A@O*¨AIA@a|HV]?BVMUS[<|H? _PKMHSHAHVnŁKMk\AI|Kna}KnOOJ|_PA@ V]US^A@USAI^
q]UJV]L[H|OS<HOJUSVMaqLa|OKna^g|}HJVM?BV]UJ[<|}HJ? _PKMHSHAHVM¨¥­Q®KMq]A@kU`KMHI!hZV. A
<\K(jMABHAIA@aOS<K.O
TA@OJUS|KMq]A@kU`KMHE_PV]UJUSAIHJ[VMa^Hk| W*AI_POJ|}jMA@}RML[gOSV|HJVM?BVMUS[<|H?OJVOS<AB[\V4H|OJ|}jMAB_PV]aAIHEVnKnkA@}|}KMa
K.OJOJ|_PA@ V]US^AIUJA^qMUSVML[HI¨A!OS<#LHQ<\K(jMAdKTuA@OJUS|uKMq]A@kU`K7_@KMaVMa|}_IKn}RKMHSHV_@|}KnOJAI^|OJ<AIK]_`<¥­Z
KMq]A@kU`K;=<AdﬂVM}V.|}aqUSAIHJLOHJ<V.ZHOS<K.Ok#RLHJ|aq~_PVM?B[}A@?BAIa]O`KnUSR~[}K]_PAIHI¨Ad_IKnaHJ|?
LK.OJA
K0kVMLa\^AI^TAPOSUJ|aA@OZk#R~K0qMAIaA@U`Kn}|IAI^TuA@OJUS|aAPOQ^AP{aA^VMaOJ<AK]HJHJV_P|K.OSAI^TA@OJUS|Kn}qMA@kUSK]H@
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 ,  1
a

b
 
 
c
8 
     
ﬃ  
¡¢Y©lM£
b v ¬a v b c ⇒ (a b) • c = (a • (c b))  (b • c)
 <    X|a_@A=A@jMAIUJR!¥­Q®KMq]A@kU`KZ|HK¦HLk^|}USAI_ﬀO[USV^L_POuVMOJVMOSKM}RVMU`^AIUJA^¥­ZÎKn}qMAIkU`KMH¤¨A=_@KMa
K]HJHJL?BA|OJ<V]LO¦V4HJHVnq]A@aAIUSKM|O*ROS<K.OOJ<A0qM|}jMAIag¥­Q®KMq]A@kU`KB|}HQOJVMOSKM}RVMU`^A@USAI^!¨VMa^|OS|V]a
b v ¬a
|HA	4L|}j.Kn}A@a4OOJV
a• b = 0
|  A]
a+ b v k
|}a7OS<AZLa^A@USR#|}aq!qMUSVML[Ł !¨V]a^|OJ|}VMa
¬a v b c
|H=A	4L|}j.Kn}A@a4O=OJV
a b c = k
|Ô AM
a+ b+ c w k
|}aOJ<A!La\^A@USR#|}aqBqMUSVML[Ł a~OJ<A!VMaA¦<KMa^
(a b) • c = ((a+ b) u k) • c = (a+ b) • c = (a+ b+ c− k) t 0 = a+ b+ c− k
 a~OJ<A!VnOJ<A@U<KMa^
a • (c b) = a • [(c+ b) u k]
= (a+ [(c+ b) u k]− k) t 0
=
{
a
|
c+ b w k
a+ c+ b− k
|
c+ b v k
KMa^
b • c = (b+ c− k) t 0 =
{
b+ c− k
|
b+ c w k
0
|
b+ c v k
KMa^OJ<#LH
(a b) • c = (a • (c b))  (b • c)
K]HUJA ]L|USAI^

D
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! ﬁ)*   Q;ŁU`KnaHJK.OJ|}VMaﬂUJV]? kVMLa^AI^aAPO`H=OJVBq]A@aAIUSKM|}@A^TAPOSUJ|aAPOSH
;=<AKMk\V.j]A[UJV][\AIUO*R?7K(R7kA!UJAI[<U`KMHJAI^~KMH (
¡¢Y f]£
b v ¬a v b ¬c (= c→ b) ⇒ (a b)	 c = (a	 (c	 b))  (b	 c)
KMa^OJ<#LH0Kn[[\AKnU`HKMH
K¨AKn]A@a|}aqVnZA ]L\K.OJ|}VMa ¡ l p]£¦<|}_`<AIaHLUJAH!OJ<AKMHSHV_@|}KnOJ|}j4|O*RgVMOJ<A
{\UJ|}aqBUJLA¦VnuqMAIaA@U`Kn}|IAI^~TAPOJUS|aA@OSHI
 <    d¡¢Vn¤;=<A@VMUSA@?Y\ f4£;=<AOJU`Kna\HK.OS|V]a7Vn¤K
k\V]La^A^aA@O
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